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■ Abstract 
O, 

0^ , Prepotentials in N = 2 supersymmetric Yang-Mills theories are known to obey 

ON 

non-linear partial differential equations called Witten-Dijkgraaf-Verlinde-Verlinde 
Qh! (WDVV) equations. In this paper, the prepotentials at one-instanton level in N = 2 



supersymmetric SU(4) Yang-Mills theory are studied from the standpoint of WDVV 



equations. Especially, it is shown that the one-instanton prepotentials are obtained 

h : 

from WDVV equations by assuming the perturbative prepotential and by using the 
scaling relation as a subsidiary condition but are determined without introducing 
Seiberg-Witten curve. In this way, various one-instanton prepotentials which satisfy 
both WDVV equations and scaling relation can be derived, but it turns out that 
among them there exist one-instanton prepotentials which coincide with the instan- 
ton calculus. 

PACS: 11.15.Tk, 12.60.Jv, 02.30.Jr. 



I. INTRODUCTION 



A class of developments of quantum field theory in the ninety of this century may be represented 
by two keywords: N = 2 supersymmetry and duality. For example, the mirror symmetryBii'l estab- 
lished in the beginning of the ninety was based on the (trivial) isomorphism between left and right 
U(l) currents of (2, 2)-superconformal field theoryii and this isomorphism predicted the existence 
of a pair of Calabi-Yau manifolds whose axes of Hodge diamond were exchanged. Candelas et a/.&i 
skillfully used the consequence expected from this duality of Hodge structure and showed that the 
numbers of rational curves on Calabi-Yau quintic 3-fold could be determined from mirror symmetry. 
The coincidence of their result with mathematically rigorous resultsBi! gave a great surprising! 

On the other hand, also in the recent studies of low energy effective dynamics of N = 2 supersym- 
metric Yang-Mills theory, N = 2 supersymmetry and duality play a crucial role. Before the arrival 
of Seiberg and Witten's proposal by using electro-magnetic duality for the description of the low en- 
ergy effective action of SU(2) gauge theory,§0 though it has been known that the prepotential which 
is a generating function of the low energy effective action is not renormalized beyond one-loop in 
perturbative calculation due to iV = 2 supersymmetry,0Hll actually the prepotential was expected 
to receive instanton correct ions. Unfortunately, such corrections were not so extensively discussed, 
but thanks to their proposal, it made possible to extract informations on instanton effects from a 
Riemann surface and periods of meromorphic differential on it. Namely, the low energy effective 
theory was turned out to be parameterized by a Riemann surface. The validity of their proposal 
was discussed by Klemm et a/.0 with the aid of Picard-Fuchs equation and the instanton corrections 
to the prepotential was revealed. The instanton corrections obtained in this way showed extremely 
good agreement with the prediction of instanton calculus S3L BBEE 

However, deeper and striking features of prepotentials of N = 2 supersymmetric Yang-Mills 
theories may be nicely interpreted in terms of differential equations satisfied by prepotentials. 
For instance, it is well-known that the prepotentials satisfy an Euler equation called scaling 
relation,il'ii'@ii@ and in fact this simple equation simplified and accelerated the study of prepoten- 
tials. As for another characteristic equations, we can mention that there is a non-linear system of 
partial differential equations called Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equations0@ili30 
(rigorously speaking, the WDVV equations in N = 2 Yang-Mills theory are not equivalent to those 
arising in two-dimensional topological field theoryiliiiiii) . Actually, these equations hold not 



only in four- dimensional gauge theories but also in higher dimensions even if hypermultiplets are 
included. Accordingly, it becomes possible to regard the prepotentials in various gauge theories 
as a member of solutions to WDVV equations. Then, what is the most general solution (function 
form of prepotentials) to the WDVV equations? Unfortunately, we can not precisely know the answer 
to this question, but Braden et al& partially found the answer. They assumed the function form 
of prepotential which is expected from known examples and found a new prepotential which is con- 
sidered as that in five- dimensional gauge theory, although their study was restricted to perturbative 
part. Of course, among the solutions found by them we can see the existence of the prepotential 
in four- dimensional Yang-Mills theory. This seems to indicate that the prepotentials can be con- 
structed without introducing Riemann surface, provided the WDVV equations are used. Finding 
whether non-perturbative prepotentials are available from WDVV equations without using Riemann 
surface is the subject of this paper. 

The paper is organized as follows. In Sec. II, the construction of perturbative solution to WDVV 
equations for SU(4) gauge theory in four dimensions discussed by Braden et a/.H is summarized. 
We can see that the perturbative prepotential is in fact obtained from WDVV equations. In Sec. 
Ill, we add the non-perturbative part for this perturbative prepotential and try to solve the WDVV 
equations. Though the non-perturbative part satisfies a non-linear differential equation, restricting 
it at one-instanton level, we can reduce it to a linear differential equation satisfied by one-instanton 
prepotential. For this reason, the one-instanton prepotential is investigated in this paper. To solve 
this equation, the scaling relation is used as a subsidiary condition, but it turns out that there are 
miscellaneous solutions which do not contradict to both WDVV equations and scaling relation. In 
Sec. IV. we compare our result with the prediction of one-instanton calculus. It is shown that 
among our one-instanton prepotentials obtained from WDVV equations there are one-instanton 
prepotentials which agree the prediction of instanton calculus. In this way, we conclude that it is 
possible to obtain non-perturbative prepotential from WDVV equations without relying on Riemann 
surface. Sec. V is a brief summary. 

II. PERTURBATIVE PREPOTENTIAL FROM WDVV EQUATIONS 

In this section, we briefly outline the construction to get perturbative prepotential from WDVV 
equations in the SU(4) gauge theory presented by Braden et a/S Note that the SU(4) model is the 



simplest and non-trivial example for a study of WDVV equations. 

In this case, the WDVV equations for the prepotential JF take the form 

(^iX-F*)" 1 ^) = (-^X^r 1 ^), hJ, k = 1, • • ■ , 3, (2.1) 

where 

are the matrix notations and in this paper the brackets are always added as (J 7 ^ when "J 7 " mean 
matrices. The coordinates a, are the periods of the SU(4) gauge theory (see Appendix). 
Braden et a/S considered the perturbative prepotential in the form 

4 4 

J r P ev(ai,a 2} a 3 ) = ^ f( a ij), a ij = a i - a i> ^2^ = 0. (2.3) 

i<j=l i=l 

Of course ^-p er may depend on the mass scale A = A| U( - 4 ^ of the theory, but we can ignore its 
dependence for the moment because A-differentiation is not included in the WDVV equations ( |2.1| ) . 
Under the assumption ( |2.3| ), we can find that when «F per satisfies ( |2.1| ) there is a functional relation 

g(a 12 )g(a u ) - g{a Vi )g{a 2 A) + g{au)g{a 2 z) = 0, (2.4) 

where 

With the aid of several conditions, we can conclude that g is an odd function with 

s(0) = /(0) = 0, (2.6) 

where the prime means the differentiation over the argument .11 

There are several functions enjoying the properties ( |2.4j ) and ( |2.6Q , but a function which is nec- 
essary for us among them is the function of the form g(a) = a. Namely, 

/(a) = ylna + 0(a 2 ). (2.7) 

Note that 0(a 2 )-term can not be fixed from the WDVV equations because they are third-order 
differential equations. Namely, A-dependence of one-loop contribution is not fixed. It is easy to see 



that substituting (|2.7|) back to ( |2.3|) in fact yields the perturbative part of the SU(4) prepotential 
(in a suitable normalization). 

Marshakov et a/.H give a general proof that the perturbative prepotentials in various gauge 
theories satisfy WDVV equations, but this is also confirmed by Ito and Yang0 in their study of these 
equations. 



III. ONE-INSTANTON PREPOTENTIALS 



A. Differential equation for one-instanton prepotential 

Next, let us consider whether non-perturbative prepotential T is available from the WDVV 
equations by assuming the form 

T{a\, a 2 , a 3 , A) = J" pe r(ai, a 2 , a 3 ) + Fimfai, «2, 03, A), (3.1) 

where 

00 

^ins(ai, a 2 , a 3 , A) = ^ T k {a x , a 2 , o 3 )A fc . (3.2) 

k=l 

In order to derive differential equations for J 7 ^, we assume that JF per is already given by ( |2.3fl with 

Then substituting T into (|2.1| ) we can obtain a single non-linear differential equation for J-i nB , 
but if we restrict only the case k — 1 (one-instanton level), the equation reduces to 

df?! d\T x d\T x Qd 1 d 2 d 3 T 1 A 012 d 2 di^ + A 021 d 2 2 d 3 ^ 



0-120.13(3.14 <3l2<323<324 <3l3 023 3 4 0,14024(3,34 <3l2<3l3023024<334 

Aiog^g^ - AmdfdnK | Agp^g^ + A 210 d*d 2 r 1 _ Q 

012(313014023(334 Ol20l3 a 14023 a 24 

where Qj = d/dai and 

^012 = a>ia 2 — ?>a\ — 2a\a 3 + Aa 2 a 3 + 0104 + 0204 — 20304, 

A)21 = 20i02 — 0103 — 40203 + 30g — Oi04 + 20204 — 0304, 

^102 = 3a^ — 0102 — 4ai03 + 2a 2 03 — 0104 — 0204 + 20304, 
^201 = 2ai02 — 4ai03 — 0203 + 3og + 2a!04 — 0204 — 0304, 
^120 = 3a^ — Aa\a 2 — a\a 3 + 20203 — 0104 + 20204 — 0304, 

^210 = 4aia2 — 3ag — 20103 + 0203 — 20104 + 0204 + 0304. (3-4) 



B. The solutions 

In order to solve ( |3.3|) , let us introduce the new variables 

x = a 12 , y = a 13 , z = a u . (3.5) 
In addition, using Euler derivatives 6 X = xd/dx etc, we can rewrite (|3.3|) as 

L{0 9 ,e y ,e z )Fi = Q, (3.6) 

where 

L{6 X , 6 y , 6 Z ) = yz{y - z)6 x (0 x - 1){6 X - 2) + z{Axy - 3y 2 - 2xz + yz){6 x - l)6 x 6 y 
+z{3x 2 - Axy -xz + 2yz){9 y - l)6 x y - xz{x - z)9 v (6 v - l)(6 y - 2) 
-y(3x 2 -xy- Axz + 2yz)(0 z - l)6 x 6 y - y{Axz + yz - 3z 2 - 2xy){6 x - l)6 x 6 z 
+Q(x -y){x- z)(y - z)6 x 9 y z + x(xz + Ayz - 3z 2 - 2xy)(0 y - l)9 y 6 z 
+x(3y 2 + 2xz - Ayz - xy)(6 z - l)6 y 6 z + xy(x - y)6 z (6 z - 1){0 Z - 2). (3.7) 

Here, suppose that T\ is given by 

Fi = x"Y 2 z U3 F{x,V,z), (3-8) 

where 

oo 

F{x,y,z)= £ B WyJ , tzk x^y^z^ k (3.9) 

i ,j,k=0 



and the expansion coefficients are assumed to be independent of x, y and z. In ( |3.9| ), e x etc are 
signature symbols (the choice of signatures depends on where is the convergence region), e.g., e x = ±. 
Then from ( |3.3j ) we get the differential equation for F 



L(0 x +v 1 ,0 y + v 2 ,0 z + v 3 )F = O. (3.10) 

and the indicial equations for z/j 

vi(vt - 2v 2 - l)(^i + v 2 - 3v 3 - 2) = 0, v 2 {2v x - v 2 + l)(v x + v 2 - 3u 3 - 2) = 0, 
v 2 (y 2 - 2z/ 3 - l)(3i/i - v 2 - v 3 + 2) = 0, (u 2 - Vs){yl -v\ - v x v 2 + v 2 v 3 ) = 0, 
vx{v\ - 3v\ + 5v 2 - 3v\v 2 + v 3 — uiu 3 + 4z/ 2 z/ 3 + 2) = 0, 
v\{v 3 - 3v 2 - 3) + 5z/iz/ 2 z/ 3 + 3v 2 v 3 - 2v\v 3 + 2z/iz/ 3 + 2z/ 3 + v x v 2 = 0, 

1/3(1/3 - 1/2 - 3) - 2zy|zy 3 + 3z/ii/ 2 ^3 + 3v 2 v 3 + 3i/ii/ 2 + 2z/ 3 = 0. (3.11) 



The sets of possible Vi are thus given by 

v = (u 1 ,u 2 ,u 3 ) = (-2,-2,-2), (-1,-1,-1), (0,-1, -l) 4 , (0,0, 0) 2 , (0,0,1), (0,0, 2) 2 , 

(0,1,0), (0,1,1), (0,2,0) 2 , (1,0, 0) 2 , (1,0,1), (1,0,2), (2,0,0) 2 , (3.12) 

where the superscript means degeneracy, e.g., (0,0, 0) 2 is composed of two (0,0,0), but we do not 
discuss the consequence of degeneracy in this paper. For the indices (|3.12|) , it is straightforward to 
obtain F. Though we have expressed F in ( |3.9| ) as an infinite series, actually we can restrict possible 
terms in ( |3.9| ) by considering the degree counting of one-instanton prepotential. 

C. Scaling relation for one-instanton prepotential 

If the WDVV equations can in fact yield a physically acceptable prepotential, the prepotential 
obtained from those equations must also satisfy the fundamental homogeneity condition called scaling 
relation. 3 Therefore, we may use it as a subsidiary condition for the problem how to solve 

WDVV equations in gauge theory. 

To see this, firstly, let us recall the scaling relatio 

3 dT dT 

I>^ + A -«aA^T 2 ^ < 3 - 13 > 

We need a scaling relation for T\ not for T itself, but in order to extract it from Q3.13j ), the A- 
dependence of perturbative prepotential which can not be fixed from WDVV equations must be 
included appropriately. For this, our choice here is 

*i~= £ ^T^"- (3-14) 

i<j=l 2 A SU(4) 

Then from ( |3.13j ), T\ is found to satisfy 

3 a<p 

£o^P + 6*i = 0, (3.15) 

which indicates that T\ is a homogeneous function of degree —6. 
In the variables (|3~5|), ( |3.15| ) becomes 

xd x T\ + yd y T\ + zd z T\ + §T\ = 0. (3.16) 

Accordingly, from (|3~8|), ( |3.9| ) and ( |3.16| ) it must be always true that 

v\ + z/ 2 + z/ 3 + e x i + e y j + e z k = -6. (3-17) 



D. Examples of one-instanton prepotentials 



We have now enough informations to construct explicit one-instanton prepotentials which do not 
contradict to WDVV equations and scaling relation. 

To begin with, let us consider the case e = (e x , e y , e z ) = (+, +, +). In this case, we can easily find 
that there exists only one solution which satisfies ( p.!7|) . It is the solution with v = (—2, —2, —2), 
and thus 

T X = (3.18) 

x^y z z z 

However, when e = (—,—,—) or one entry of e differs to the others, e.g., e = (—,—,+), the 
situation changes, in particular, drastically in the latter case. In the former case, it is easy to see 
that F consists of finite number of terms for all indices in ( 3.12|) , but in the latter case F is generally 



represented by infinite number of terms as long as ( p. 17 ) is satisfied. We do not know whether 



it is possible to find any physical meaning for this type of one-instanton prepotential, but it may 
be interesting to recall that a similar one was observed in the one-instanton prepotential in the 
five-dimensional gauge theory.@ 

Since the latter case mentioned above is slightly intractable, let us consider an example of the 
former case instead. In the case of v = (—1, —1, —1) with e = (— , — , — ), for instance, we have 



xyz 



Bq -1,-2 ( o + ~2~ I + ^-1,0,-2 ( o + 

\yz z y A z I \xz z x A z 



+5-i,-2,o [—9- — I 9 ] +-8-1,-1,-1 

\x z y xy z J xyz 

Note that ( p.!9p includes the one-instanton prepotential of the form ( p.!8| ) 



(3.19) 



In a similar manner, we can construct one-instanton prepotentials for all other possible values 
of Ui, which do not contradict to both WDVV equations and scaling relation, but it would not be 
necessary to explicitly show them here. However, we should point out that since (|3~3[ ) is a partial 
differential system we can expect that there exist more and more various solutions. In fact, this 
observation is right, and we can show that also in the variables 

(x,y,z) = (ai2,a 2 3,a 2 4), (a 13 , a 2 3, 034) (3.20) 

we can construct miscellaneous one-instanton prepotentials. Among them one-instanton prepoten- 
tials of the form ( p.!8|) are included. 



Remark: The function form of the one-instanton prepotentials can be determined by solving the 
WD VV equations, but its numerical factors, i.e., instanton expansion coefficients, are not obtained 
because they correspond to integration constants. In order to determine them, it is necessary to rewrite 
the scaling relation as a relation between prepotential and moduli. Then substituting the one-instanton 
prepotential obtained from WDVV equations into this scaling relation, we will be able to get the 
expansion coefficients. Of course, in this case the moduli must be represented as a function of periods 
and its expansion coefficients must be determined. However, since knowing moduli is equivalent to 
introduce a Seiberg-Witten curve, this method based on scaling relation represented by using moduli 
is not preferable in the formalism of WDVV equations because prepotentials available from WDVV 
equations should be determined without introduction of Seiberg-Witten curves. Accordingly, when 
the determination of instanton expansion coefficients is required, they should be determined from the 
result of instanton calculus. 



IV. ONE-INSTANTON PREPOTENTIAL FROM INSTANTON CALCULUS 

We have derived one-instanton prepotentials by solving the WDVV equations in the previous 
section. Though these one-instanton prepotentials satisfies the WDVV equations and the scaling 
relation, unfortunately in view of WDVV equations we can not determine which ones are physically 
acceptable. For this reason, in order to extract physically meaningful one-instanton prepotentials 
among them, we must compare our result with the one-instanton prediction of instanton calculus. 

In the case of SU(4) gauge theory, one-instanton contribution for prepotential is given byEzE 

where we have omitted the numerical normalization factor and 

4 4 4 

K = E IT K - «0 2 , A 4 = II ( a * - aiY- (4-2) 

1=1 fe<i=i k<l=l 

The closed form of one-instanton prepotential for SU(iV c ) gauge theory is also obtained by solving 
Picard-Fuchs equations^ and direct calculation of period integrals.Sii 
Note that is a sum of ( fOg ) and those for ( ggg ) 



Ft = 7 S2 + 7 " + 7 " ^ ( 4 - 3 ) 

{a 12 a 13 a u ) 2 (a^c^^r (013023034)^ 



up to constant factors. Accordingly, we can conclude that the WDVV equations can yield physical 
prepotential in spite of without introducing Riemann surface. 

V. SUMMARY 

In this paper, we have discussed the non-perturbative prepotential of N = 2 supersymmetric 
SU(4) Yang-Mills theory in the standpoint of WDVV equations. Especially, we have found a dif- 
ferential equation for one-instanton prepotential and constructed its solutions. The method to get 
prepotentials based on WDVV equations is fascinating in the point that the prepotentials can be ob- 
tained without introducing Seiberg-Witten curves, but it has been shown that unfortunately too many 
prepotentials exist in contrast with the approach based on Seiberg-Witten curves which uniquely de- 
termines a prepotential. Nevertheless, we have succeeded to show that one-instanton prepotentials 
which coincide with the one-instanton calculus can be obtained from WDVV equations. 

As for an another aspect of WDVV equations, we should mention a connection to topological 
field theory in two dimensions. From the appearance of WDVV equations, it may be natural to 
think that the low energy effective theory is actually a kind of topological field theory, but we must 
notice that a priori there is no reason that the effective theory must be a topological field theory. 
Therefore, topological or not topological: that is the question. 

An approach to argue this implication more explicitly is to regard the Seiberg-Witten curves often 
identified with spectral curves of integrable system as if they were superpotentials of topological CP 1 
model.0 Although this observation strongly relying on the existence of Riemann surface (Seiberg- 
Witten curve), it enables us to find a connection to topological field theory, specifically, topological 
string theory at genus zero level.0 Then, even if we do not assume a Riemann surface, can we find 
a topological nature of the effective theory? Probably WDVV equations give the answer, but the 
study is a subject in the future. 
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APPENDIX: THE SU(4) SEIBERG-WITTEN SOLUTION 



In this appendix, we briefly summarize the SU(4) Seiberg-Witten solution. The SU(4) Seiberg- 
Witten curve is given by the hyperelliptic curve of genus three0'0@@ 



(x A — ux 2 — vx — w) 2 — Agu^, (Al) 

where (x, y) G C 2 is the local coordinate, u, v and w are moduli of the theory. Then the Seiberg- 
Witten differential and its periods are given by 

xd x W 



A 



sw 



-dx 



y 



(A2) 



and 



f -W, «a = f A sw , i = 1,2,3, 



(A3) 



respectively, where a, and (3i are the canonical bases of the 1-cycles on the curve and the numerical 
normalization factor of the Seiberg-Witten differential is ignored. It is convenient to use the period 
vector 



n 



a Di ^ 



y a i j 



(A4) 



In general, these periods satisfy Fuchsian differential equations and in the case at hand they are 
given by^^^l 



An 
An 



d 2 - d d 



n = o, 



Adl - 2ud„.d,„ - vd v d w - d w 



n = o, 



vd 2 w + 2ud v d w - Ad u d v \ n = 0, 

A(u 2 + 2Aw)d 2 u + 9v 2 d 2 v - 16(A 8 SU{4) - w 2 )d 2 w + Uuvd u d v 
-32uwd u d w + 3vd v — 16wd w + 1] II = 0, 



(A5) 



which can be summarized as 



9 V (9 V — 1) 9 U 9 



uw 



IT = 0, 



Aw 



(29 u + 9 V + 1)^ 7t9 u {9 u — 1) 

u 



n = o, 



{29 u + 39 v + A9 V 



l?- 1 -^9 w (9 w -l) 
w z 



n = o, 



(A6) 



where 9 W = wd w etc are Euler derivatives, provided the first, second and last equations in (|A5|) are 
chosen as independent equations. Note that the third one in ( |A5| ) is not an independent equation 
because (vd w Ci + d v C 2 + d uJ C 3 )H = 0. 
Introducing new variables x, y and z by 

A* 



L SU(4) 

x = . y , y 



Aw 2 



V w 

z = — 

u z 



(A7) 



we find that (|A6|) is converted into 



( 8 x + l) 2 - Mx{26 x + 9 y - d z ){26 x + 6 y - Q z + 1) 



IT = 0, 



[9 y (29 y - 1) - 2y{6 y + 26 z ){26 x + 6 y - Z )\ IT = 0, 

[(20 x + 6 y - 9 Z )(A9 Z - 1) - 4z(0„ + 20,) (0 y + 26 z + 1)] II = 0. 



(AS 



This system (|A^) further simplifies to 



C - x[ 26 x + 9 V -9 Z --) 29 x + 9 V - 9, 



- \ -"x y "z 2 J \ A ' Vx 1 "y 2 



n = o, 



i 



n = 0, 



2^ + v -e t -l)e t -z (e y + 2^ + 1) (e v + 20, + 3 



n = 



2 1 ■* ■ \" 1 — "* 1 2, j v _ ■ 2 
by II = x -1 / 8 ;z 1//4 n. An analytic solution around (x, y, z) = (0, 0, 0) is given by 

~ = g {l/2) n+2p {-l/2) 2m+n ^x m y n z^ 

m,n,p=0 



(A9) 



(A10) 



(l) m (l/2)„ m!n!p!' 

which is known as the type 546 Srivastava and Karlsson's (Gaussian) hypergeometric function in 
three variables^! and we denote it by 

{a) n+2 p{(3) 2 m+n-p x m y n z v 



which recovers Horn's 7^4 for p = 0. Note that G54& satisfies 



[(0* + 7 - l)e x - x {29 x + 9 y -9 z + P) (20, + 9y-9 z + (3+l)] G 54b = 0, 
[{9 y + 5 - l)9 y -y(9 y + 29 z + a) (29 x + 9 y -9 z + f3)} G 54b = 0, 
[{29 x + 9 y -9 z + P)9 z -z {9 y + 29 z + a) [9 y + 29 z + a + 1)] G 546 = 0. 



(All) 



(A12) 
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